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1 General Properties

What makes work with rational numbers and integers comiftetare the essential properties they
have, especially the unique factorization property (thaénVEneorem of Arithmetic). However,
the might of the arithmetic i) is bounded. Thus, some polynomials, although they haveszero
cannot be factorized into polynomials with rational coédfits. Nevertheless, such polynomials can
always be factorized in a wider field. For instance, the poigial x* 4 1 is irreducible ovefZ or

Q, but over the ring of the so callgglaussian integer&|i| = {a+ bi| a,b € Z} it can be factorized
as (x+1i)(x—1i). Sometimes the wider field retains many properties of themat numbers. In
particular, it will turn out that the Gaussian integers areaue factorization domain, just like the
(rational) integer&. We shall first discuss some basics of higher algebra.

Definition 1. A numbem € C is algebraidf there is a polynomial {x) = anx"+ an_1X" 14+ 4ag
with integer coefficients such thafg) = 0. If a, = 1, thena is analgebraic integer

Further, p(x) is theminimal polynomiabf o if itis irreducible overZ[x] (i.e. it cannot be written
as a product of nonconstant polynomials with integer caefiits).

Example 1. The numberiis an algebraic integer, as it is a root of the pofyial ¥ +1 which is also
its minimal polynomial. Numbey'2 + /3 is also an algebraic integer with the minimal polynomial
x* — 10x° + 1 (verify!).

Example 2. The minimal polynomial of a rational number=ga/b (a€ Z, be N, (a,b) =1) is
bx—a. By the definition, g is an algebraic integer if and only ifHhl, i.e. if and only if g is an
integer.

Definition 2. Let a be an algebraic integer and(g) = X" +an_1x""1 +--- + a9 (& € Z) be its
minimal polynomial. Thextensionof a ring A by the elemerd is the set Aa] of all complex
numbers of the form

Co+ G+ +Ch1a™ ! (G €A, (%)

with all the operations inherited from A. Tlhiegreeof the extension is the degree n of the polynomial
P(X).
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The theme of this text are extensions of the rhgf degree 2, so callequadratic extensions
Thus, for example, the polynomiatd + 1 andx? + x+ 1 determine the extensiofi] andZ|wl,

-1+3

wherew = (this notation will be used later).

All elements of a quadratic extension®bfare algebraic integers with the minimal polynomial of
second degree. Two elements having the same minimal polateare said to beonjugatesEach
nonrational elemergof the quadratic extension has exactly one conjugate ctHike conjugate of
and denoted. For a rational integezwe definez= z

Definition 3. Thenormof an element z of a quadratic extensior¥ak N(z) = zz.

The norm is always an integer. Roughly speaking, it is a kinebjoiivalent of the absolute value
in the set of integerg.

Example 3. If z € Z[v/d], z= a+bvd (ab € Z), thenz=a—bvd and N2) = a®> —d?. In
particular, in Z[i] the norm of element-a bi (a,b € N) is N(a+ bi) = a2 + b?.

If z=a+bw € Z[w] (a,b € Z), thenz=a— b —bwand N(z) = a® — ab+ b2

In every complex quadratic field the conjugation correspotodthe complex conjugation.

The following two propositions follow directly from defimmain.

Theorem 1. The conjugation is multiplicative, i.e. for arbitrary elemts z,z, of a quadratic ex-
tension ofZ it holds thatzi = 71%. O

Theorem 2. The norm is multiplicative, i.e. for arbitrary elementsz of a quadratic extension of
Z it holds that Nz1z,) = N(z1)N(2). O

An elemente € Z[a] is called aunit if there existse’ € Z[a] such thatee’ = 1. In that case
N(e)N(g’) = N(1) =1, soN(g) = +1. In fact, ¢ is a unit if and only if its norm ist1: indeed, if
N(€) = £1 theneg = £1 by definition.

Example 4. The only units irZ are +1.

Let us find the units i[i]. If a+ bi (a,b € Z) is a unit, then Na+ bi) = a®+ b? = +1, which
implies a+ bi e {+1,+i}.

All units in Z[w] are +1, +w, +(1+ w). Indeed, if a+ bw is a unit then d—ab+b? =1, i.e.
(2a— b)? 4 3b? = 4 and he result follows. Note that’ equals—(1+ w).

p—1
Problem 1. Let p be a prime number and N |_| (k2 +1). Determine the remainder of N upon

division by p.

Solution. DenoteP(x) = (1+X)(2+X)... (p—1+x). We know thatP(x) = xP~1 — 1+ pQ(x) for
some polynomiaQ(x) with integer coefficients.
Sincek? + 1= (k+i)(k—i) for eachk, we immediately obtain that

N = P()P(-i)=(iP*—1+pQ()) ((=)"* 14 pQ(-i))
_ {4, if p= 3(mod4)
- 0, otherwise.

The divisibility and congruences in an extensigrof the ringZ is defined in the usual way:
x € K is divisible byy € K (denotedy | x) if there existz € K such thak = yz andx =y (mod?z) if
Z| x—y.

Since every element of a quadratic ring is divisible by ewenit, the definition of the notion of
a prime must be adjusted to the new circumstances.
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Definition 4. An element y of a quadratic ring K &djointto element x (denoted~y Xx) if there
exists a unik such that y= ex.

Definition 5. A nonzero element& K which is not a unit igrimeif it has no other divisors but the
units and elements adjoint to itself.

We have the following simple proposition.
Theorem 3. Let xe K. If N(x) is a prime, then x is prime.

Proof. Suppose that =yz y,ze K. ThenN(x) = N(y)N(2), so at least one dfl(y),N(z) equals
+1, i.e. eithely or zis a unit, while the other is (by definition) adjointxoC

The converse does not hold, as 3 is a primg&|if, butN(3) =9 is composite.

Of course, the elements conjugate or adjoint to a prime ae@imes. Therefore the smallest
positive rational integer divisible by a prinzeequalszz = N(z).

Consider an arbitrary nonzero and nonunit elenxenK. If xis not prime then there are nonunit
elementy, z< K such thayz=x. HerebyN(y)N(z) = N(x) andN(y),N(z) > 1. HenceN(y),N(z) <
N(x). Continuing this procedure we end up with a factorizatieax;x, - - - X« in which all elements
are prime. This shows that:

Theorem 4. Every nonzero and nonunitxK can be factorized into primesi

Problem 2. Given a nonzero and nonunit elemerst K, find the number of equivalence classes in
K modulo z.

Solution. LetK = Z[a], wherea? = pa +q, p,q € Z, and letz=a+ba (a,b € Z). If b= 0 then
a1 +bia =ay+bya (mod2) if and only if a3 = ap andb; = by (modz). Thus there ardl(z) = Z
equivalence classes.

Now suppose thdt # 0 and that(a,b) = d. Thenaz= (a+ pb)a + gb. Since(a+ pb,b) =d,
the coefficient atr in xz (x € K) can be any integer divisible iy and no other integer. Moreover,
the smallest natural number divisible bis |(a+ ba)(a+ ba)|/d = [N(z)|/d. We conclude that for
everyx € K there is a uniquX = A+Ba € Kwith A/ B€ Z, 0< A< |N(z)|/d, 0< B < d such that
x =X (modz). Therefore the required number of equivalence classesl€i(z)|. A

Naturally, we would like to know when the factorization irpgaimes is unique, i.e. when the
Fundamental Theorem of Arithmetic holds. But let us firstenitiat, by the above definition, the
primes ofZ are+2,+3,+5, etc, so the factorization into primes is not exactly upicas e.g. 23 =
(—=2)(—3). Actually, in this case the uniqueness of factorizatiomug tin the following wording.

Definition 6. FTA, or "The Fundamental Theorem of Arithmetic” means: Eaohzero and nonunit
element o or of its quadratic extension K can be written as a productrafes. This factorization
is unique up to the order of the factors and adjoining betweamesponding factors.

The division with remainder in a quadratic extenskonf Z can be formulated as follows:

Definition 7. DWR means: For each b € K with b= 0 there exist pg € K such that a= pb+q
and N(g) < N(b).

Obviously, such a division, if it exists, is not necessadtjique - it is not so even i itself.
Moreover, it does not exist in some quadratic extensionsjeashall see later. The significance of
the existence of a division with remainder, however, liethimfact that it implies the uniqueness of
factorization:

Theorem 5. If the division with remainder in a quadratic ring K is alwagsssible, then FTA holds
in K.
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Proof. If the division with remainder is possible K, then the Euclidean algorithm ends in a finite
number of steps. A simple implication of the Euclidean aildpon is that if p is a primea, b € K and
p | ab, thenp|aor p|b. The uniqueness of factorization into primes (FTA) now kgdsilows. O

There are quadratic rings in which FTA holds despite the ristence of a division with remain-
der. However, FTA is an exception rather than a rule.

Example 5. FTA is false inZ[v/—5], as 9 has two factorizations into prime®=3-3= (2+
v/—b)(2—+/—5), which are not equivalent sin@&+t /-5 7 3.

Example 6. The factorizations of the elemeht win Z[w] as(1— w)(3+ w) = (—2—3w)(1+2w)
are considered the same, sinte-2w=w(l—w) ~1—wand—-2—-3w=—(1+4 w)(3+ w) ~
3+ w. We shall show later that FTA is true E{w)].

2 Arithmetic in the Gaussian IntegersZ|i]

We have already seen that the norm of elenaenbi € Z[i] (a,b € Z) is N(a+ bi) = & +b? and the
units are+1 and=i. Therefore, all divisors of a prime elememt Z[i] are+1, i, £ 71, +iTT.

Theorem 6. The Fundamental Theorem of Arithmetic (FTA) holds in theof&aussian integers
Zli].

Proof. Based on theorem 5, it is enough to show that folagl € Z[i] with b # 0 there exists an
elementp € Zli] such thalN(a— pb) < N(b).

Leto, T € Rbesuchthaa/b= o+ 1i, andlets,t € Z be such thalo —s| <1/2and|t—t| <1/2.
Settingp = s+ti yieldsa— pb= (g + 1i)b— pb=[(0 —s) + (T —t)i]b, which implies

N(a— pb) = N[(0 — ) + (T —1)i]N(b) = [(0 —5)? + (T —t)]]N(b) < N(b)/2 < N(b).

This proves the theorenm

The following proposition describes all prime elementshia $et of Gaussian integers.

Theorem 7. An element x Z[i] is prime if and only if Nx) is a prime or|x| is a prime integer of
the form4k — 1, k e N.

Proof. Consider an arbitrary prime= a+ bi € Z[i] (a,b € Z). Element is prime also (indeed, if
X = yz, thenx = yZ), soN(x) factorizes into primes a&.

Suppose thal(x) is compositeN(x) = mnfor some two natural numbers,n > 1. It follows
from xx = mnand the FTA thak ~ mor x ~ n, so we may suppose w.l.0.g. that a prime integer.
If x=2 orx=1 (mod 4), then there exist integexd € Z such thatN(a+ bi) = (a+ bi)(a— bi) =
a? + b? = x; hencex is composite inZ[i]. On the other hand, i is a prime integer withk = 3
(mod 4), therx is also prime irZ[i]. Indeed, ifx = uv for some nonunit elementsv € Z[i], then
x2 = N(x) = N(u)N(v) impliesN(u) = N(v) = x which is impossible. This proves our claim.

Problem 3. Solve the equatior’x- 1 = y? in integers.

Solution. Rewrite the equation in the fora® = (y+i)(y—i). Note thatx is not even, as otherwise
y? = —1 (mod 4). Thusy is even and consequently the elemeptsi andy —i are coprime in
Zl[i]. Since(y+i)(y—i) is a fifth power, it follows thay +i andy —i are both fifth powers. Let
a,b € Z be such thay +i = (a+bi)® = a(a* — 10a2b? + 5b*) + b(5a* — 10a%b? + b*)i. It holds that
b(5a* — 10a’b? + b*) = 1, and therefore = +1. It is easily seen that in both cases we have0;
hencey = 0,x = +1 are the only solutionsA

Problem 4. Suppose that,y and z are natural numbers satisfying %yz% + 1. Prove that there
exist integers &b, ¢,d such that x= a® + b?, y= ¢+ d? and z= ac+ bd.
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Solution. We use the following important fact: ,n, p,q are elements of a unique factorization
domainkK (in this caseK = Z][i]) satisfyingmn= pg, then there existy, U, v1,Vv» € K such tham=
U1V, N = UV, P = UVo, g = Upvy. The proof of this fact is the same as in the casmof, p,q € Z
and follows directly from the factorizations of, n, p, q into primes.

Sincexy= 22+ 1= (z+1i)(z—1i), the above fact gives us

x=uv1 (1), y=uv2 (2), z+i=uve (3), z—i=uwv1 (4)

for someus,up,vi,vo € Z[i]. The numberx,y are real, and therefong = q;U7, v» = quU; for
some rational numbexg, .. From (3) and (4) we easily conclude tliat= g, = 1. Now putting
Uy = a+ bi, up = c+diyieldsx = uyty = a® + b?, y= c? + d? andz=ac+ bd. A

3  Arithmetic in the ring Z[w]

Herew denotes a primitive cubic root of unity. Then the norm of &ametnta+ bw € Z[w] (a,b € Z)
is N(a+ bw) = a® — ab+ b? and the units are-1, +w and+(1+ w) = Fw?.

Theorem 8. FTA holds in the ringZ[w].

Proof. By the theorem 5, it suffices to show that a division with remder is possible, i.e. for all
a,b € Z[w], b # 0 there exisp € Z[w] such thalN(a— pb) < N(b).

Like in the proof for the Gaussian integers, detr € R be such that/b= o+ 1i, andlets,;t € Z
be such thalio — g <1/2 and|t —t| < 1/2. Settingp = s+ti gives usN(a— pb) <3N(b)/4 < N(b),
implying the theorem@

Problem 5. If p =1 (mod 6) is a prime number, prove that there exigh & Z such that p=
—ab+b?

Solution. It suffices to show thap is composite inZ[w]. Indeed, if there is a prime element
z=a+bw € Z[w] (a,b € Z) that dividesp, then alsoz | p = p. Note thatz andz are coprime;
otherwisez | z, so there exists a unit elementvith z= €z, and hence ~ (1— w) | 3, which is false.
Thereforea? — ab+b? = zz| p, which impliesa® — ab+ b? = p.

Thus we need to prove thatis composite inZ[w]. It follows from the condition orp that
-3 is a quadratic residue modufnp so there exisin,n € Z which are not divisible byp such that
p| (2m—n)2+3n? = 4(m? —mn+-n?), i.e. p| (M—nw)m— new. However,p does not divide any of
the element$m— nw), M— nw, so it must be composite)

Theorem 9. Element e Z[w)] is prime if and only if Nx) is prime or|x| is a prime integer of the
form3k—1,ke N.

Proof. Numberx = 3 is composite, abl(1— w) = (1— w)(2+ w) = 3. Moreover, by problem 4,
every prime integep = 1 (mod 6) is composite ifi[w].
The rest of the proof is similar to the proof of Theorem 7 anldfisas an exercisel

Maybe the most famous application of the elementary aritlmoéthe ringZ[w] is the Last Fer-
mat Theorem for the exponent= 3. This is not unexpected, having in mind thét- y® factorizes
overZ[w] into linear factors:

X+ y3 = (X4 y) (X4 wy) (X + @Py) = (X+y) (wx+ Wy)(w0’X+ wy). 1)
The proof we present was first given by Gauss.

Theorem 10. The equation

By =2 (%)

has no nontrivial solutions iZ[w], and consequently has noHeeither.
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Proof. Suppose that,y,z are nonzero elements Bfw] that satisfy(x). We can assume w.l.0.g. that
X,Y,z are pairwise coprime.

Consider the number = 1 — w. Itis prime, as its norm equalt — w)(1— w?) = 3. We observe
thatp = 1— w? = (1— w)(1+ w) ~ p; hencea € Z[w] is divisible byp if and only if so isalpha
Each elementifZ]w] is congruentte-1,0 or 1 (modp): indeeda+bw=a+b=3q+r =r (mod
p) for someq € Z andr € {—1,0,1}.

The importance of number lies in the following property:

a = +1 (modp) (a € Z[w]) implies a® = +1 (modp?). 2)

Indeed, ifa = +1+ Bp, we havea® F 1= (aF 1)(aF w)(aF w?) = p3B(B+1)(B+ (1+ w)),
where the elements b+ 1, b+ (1+ w) leave three distinct remainders modplamplying that one
of them is also divisible by, thus justifying our claim.

Among the numbers,y,z, (exactly) one must be divisible hy: otherwise, by (2)x3,y3,Z
would be congruent tec1 (mod p#), which would imply one of the false congruences=0t1,
+1 =42 (modp?). We assume w.l.0.g. that| z Moreover, (2) also gives us thaf | z

Letk > 2 be the smallest natural number for which there exists aisalto (x) with (x,y,z) =1
andpX | z, p**1} z Consider this solutiofx, y, 2).

The factorsx+y, wx+ w?y, w?x+ wy from (1) are congruent modujm and have the sum 0. It
follows fromp | zthat each of them is divisible hy and thaip is their greatest common divisor. Let

X+y=Ap, wx+w’y=Bp, wx+wy=Cp,

whereA,B,C € Z|w] are pairwise coprime andl+ B+ C = 0. The producABCis a perfect cube
(equal to(z/p)?), and hence each & B,C is adjoint to a cube:

A=al® B=pn° C=yg®
for some pairwise coprimé, n, & € Z[w| and unitsa, B, y. Therefore,
all+Bnd+yéd=o. 3)

SinceaByis a unit and a perfect cube, we havBy = +1. FurthermoreABC = (z/p)3 is divisible
by p (sincep? | 2), so (exactly) one of the numbefsn, &, sayé, is divisible byp. In fact, &3
dividesABC which is divisible byp3~3 and not byp3*—2, sopk~1 is the greatest power gf that
divides&é. The numberg andn are not divisible byp; consequently?® andn? are congruent to
+1 modulop®. Thus the equalitp+ B+ C = 0 gives usa + 8 = 0 (modp?), therefore = +a;
nowafBy= +1impliesy = +a.

Cancelinga in equation (3) yieldg 3 + n3+ €3 = 0, which gives us another nontrivial solution
to (x) with (Z,n,&) = 1. However, in this solution we hay& ! | & andpX { &, which contradicts
the choice ok. O

4  Arithmetic in other quadratic rings
Every quadratic ring belongs to one of the two classes:

1° Extensions of the fornK = Z[\/a}, whered # 1 is a squarefree integer. The conjugation
and norm are given by the formulas- yv/d = x— yv/d andN(x+ yv/d) = x? — dy?, where
X,y € Z.

—1++vd

2° Extensions of the forrK = Z[a] for a = , whered = 4k+1 (k € Z) is a squarefree

integer withd # 1 (thena is an algebraic integen? + a — k= 0). The conjugation and norm
are given byx - ya = x—y — ya andN(x+ya) = x> — xy— ky?, wherex,y € Z.
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Some of these rings are Euclidean, suctZagd| for d = —2,-1,2,3,6,7 andZ M

ford=-7,—-3,5.

Determining all quadratic unique factorization rings (irding the non-Euclidean ones) is ex-
tremely serious. Among the rings of the type dnd 2 with d < 0, apart from the ones men-
tioned already, the FTA holds in only five other rings: naméhe rings of the type 2for d =
—11,-19,-43 —67,—163. Gauss’ conjecture that the FTA holds in infinitely maogdratic rings
with a positived has not been proved nor disproved until today.

Problem 6. Find all integer solutions of the equatiod % 2 = y°.

Solution. Let us write the equation g%+ v/—2)(x— v/—2) = y°. Forx even we have® = 2 (mod
4), which is impossible; thereforeis odd. Therx+ /-2 andx — /—2 are coprime elements of
Z[v/—2] whose product is a perfect cube. Using the FTAZIR/—2] we conclude thak + /—2
andx— /=2 are both perfect cubes. Hence there exibtc Z such tha{a+ by/—2)3 = x+/—2.
Comparing the coefficients at—2 yieldsb(3a? — 2b?) = 1; thereforeb = 1 anda= +1. Now we
easily obtain thax = 45 andy = 3 is the only integral solution of the equatiof.

Problem 7. Consider the sequence,a;,ay,... given by @ =2 and g1 = 2a§ —1fork>0.
Prove that if an odd prime number p dividag then p= +1 (mod2™+2).

Solution. Consider the sequenggof positive numbers given by, = coshx (cosh is thdnyperbolic
cosine defined by cosh= %). It is easily verified that cogBxy) = 2a§ —1 = coshxy,1, SO
Xei1 = 2X, i.e. X = A - 2€ for someA > 0. The conditionag = 2 gives usA = log(2+ /3).

Therefore \ \
(24 V3% + (2— V3)?
> .
Let p > 2 be a prime number sugh| a,. We distinguish two cases.

1° m? = 3 (modp) for somem e Z. Then
2+m? +(2-m? =0 (modp). (1)

Since(2+m)(2—m) = 4—n? = 1 (modp), multiplying both sides of (1) by2+m)?" yields
(24+m)2"™" = —1 (modp). It follows that the order of numb&2 + m) modulop equals 2+2,
from which we conclude™®? | p— 1.

2° The congruence? = 3 (modp) has no solutions. We work in the quadratic extenﬂgh\/ﬁ)
of the fieldZy in which numbenr,/3 actually plays the role of the numberfrom case (1).
As in case (1) we hav&2++/3)2"" = —1, which means that the order of2y/3 in the
multiplicative groufZ(+/3)* equals 22, This is not enough to finish the proof as in case (1),
as the groufZp(v/3)* hasp? — 1 elements; instead, we only get thdt2| p? — 1. However,
we shall be done if we find € Zp(+/3) for whichu? = 2+ 1/3: indeed, then the order afis
2"+3 50 23 | p2 — 1 and therefore™®? | p— 1, since 4 p+ 1.
Note that(1++/3)2 = 2(2++/3). Now it is enough to show tha/2 is a perfect square in the
field Zp(v/3). This immediately follows from the relaticsp, =0=2a2 ;—1,as ¥2=a2 ,.
This finishes the proofA



